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We present a solvable model of iterating cluster state protocols that lead to entanglement production, between
contiguous blocks, of 1 ebit per iteration. This continues till the blocks are maximally entangled at which stage
an unravelling begins at the same rate till the blocks are unentangled. The model is a variant of the transverse
field Ising model and can be implemented with CNOT and single qubit gates. The inter qubit entanglement as
measured by the concurrence is shown to be zero for periodic chain realizations while for open boundaries there
are very specific instances at which these can develop. Thus we introduce a class of simply produced states with
very large multipartite entanglement content of potential use in measurement based quantum computing.
PACS numbers: 03.65.Ud, 03.67.Bg, 89.70.Cf, 75.10.Pq
Entanglement has been recently studied very extensively
as it impacts both foundational as well as applied aspects of
quantum theory (for a review see [1]). Along with studies
aimed at understanding the nature of entanglement, its pres-
ence in condensed matter systems, especially spin chains,
has been used as a good platform to study various aspects
of many-body systems including quantum phase transitions
[2–7]. One such widely studied system is the Ising model
which exhibits a quantum phase transition when a magnetic
field is applied in a direction transverse to the interaction [8].
A variant of the transverse-field Ising model, when the field
is applied impulsively kicked via a Dirac delta comb, has
been discussed in the literature [9–11]. Even in the presence
of time dependence the transverse Ising model remains inte-
grable via the Jordan-Wigner transformation [12] as the result-
ing fermions are free. These models can lead to very highly
entangled states with multipartite entanglement.
Mutlipartite entanglement, whose understanding is still in-
complete, has been investigated in many recent works [13,
14]. The generalized cluster states, or graph states, with
highly persistent distributed entanglement, has been proposed
as a model of quantum computation, distinct from the cir-
cuit model, the so-called one-way quantum computer [15–
17]. Cluster states have also been experimentally obtained,
for example see [18] and have been applied for construct-
ing quantum error correcting codes, which for example has
been realized experimentally recently [19, 20]. Here, we con-
struct spin states with high multipartite entanglement using
the kicked Ising model dynamics, by iterating the quantum-
circuit protocol with the cluster states [21]. While graph states
are constructed with qubits being the vertices of a graph and
the edges representing Ising interactions, we may look upon
the present study as what happens in the simplest case when
the action of the gates is iterated on the resultant graph states.
This iteration leads to nontrivial multipartite entangled states,
as the single qubit vertex operations do not commute with the
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interaction-based two-qubit ones, as will be seen below. For
a study of closely related Hamiltonians and more motivation
see [11], especially from the quenching point of view. As the
model considered here is closely allied to the the dynamics
of quantum critical transverse-field Ising model, it can pro-
vide motivation and interest for the structure of the resultant
many-body states. It may be noted in passing that that cluster
states do not naturally occur as ground states of Hamiltonians
[17], but the iterated cluster states, that we introduce here, are
natural to obtain via time evolution.
Consider the Hamiltonian for a spin chain of L sites,
H(t) =
L−1∑
j=1
σxj σ
x
j+1 +
∞∑
k=−∞
δ(k − t
τ
)
L∑
j=1
σzj (1)
when the period of the pulses is τ = pi/4. We will study
the dynamics of an open spin chain here, the periodic chain
can similarly be discussed. The propagator or unitary Floquet
quantum map (in the sense of for example [22]) connecting
states just before any two consecutive kicks is given by
U = exp
−ipi
4
L∑
j=1
σxj σ
x
j+1
 exp
−ipi
4
L∑
j=1
σzj
 (2)
The operator exp(ipi4σ
x
1σ
x
2 ) is the Cartan form of a CNOT gate
[23, 24]. Thus we can represent and implement quite sim-
ply the evolution operator as a quantum circuit comprising of
CNOT gates and one-qubit gates. At time t = nτ , where
τ = pi4 and n is total number of kicks, the time evolved state
is Un|0 · · · 0〉, where |0〉 is the eigenstate of local σz opera-
tor. The non-triviality of the time evolution stems from the
non-commutativity of the operators involving different Pauli
matrices in Eq. (2). If the σz single qubit operators were not
present, the resulting state for n = 1 was first studied as a
“cluster state” [21].
We divide the spin chain into two blocks A with M spins
and B with N = L −M spins. For simplicity, we consider
the case of M = L/2 first. The blocking of the lattice, along
with relabeling of the sites is as shown in Fig. 1 for the open
boundary conditions. Let us introduce the following notation
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FIG. 1. The partitioning of the spin chain chain into two blocks A
and B, with relabelling of the sites.
for spin operators of different partitions, for j ≤M = L/2,
~Aj ≡ ~σM+1−j , and ~Bj ≡ ~σM+j . (3)
Thus ~A1 and ~B1 represent the Pauli matrices for spins at loca-
tions M and M + 1 respectively.
The entanglement between the two blocks is calculated
from the entropy of blockA (by tracing out the blockB spins).
In Fig. 3 the evolution of this entanglement in |ψn〉 is shown
for open and periodic boundary conditions with L = 20 spins
and equal blocks with M = 10. In a very remarkable way the
entanglement increases with every iteration exactly by 1 ebit
(entanglement between a maximally-entangled pair of qubits)
in the open chain case and by 2 ebits for the periodic chain.
Thus after L/4 (L/2) iterations, blocks A and B are maxi-
mally entangled in the periodic (open) chains, with an entan-
glement of L/2 ebits. In the periodic case, the translational
symmetry ensures that this is the case for every block of L/2
consecutive spins, which makes it a very nontrivial state. Fur-
ther iterations reverse the entanglement and lead to unentan-
gled ones at L/2 and L iterations for the case of periodic and
open chains respectively.
The unitary operator in Eq. (2) can be written using this
notation and labeling as,
U = XABXAAXBBZAZB ≡ UAUBV1, (4)
where XAB = e−i
pi
4A
x
1B
x
1 , XAA = e−i
pi
4
∑L/2−1
j=1 A
x
jA
x
j+1 and
ZA = e
−ipi4
∑L/2
j=1 A
z
j , with similar definitions for XBB and
ZB . The operator UA ≡ XAAZA is a multi-spin unitary, that
uses one-qubit and two-qubit gates, acting on spins of parti-
tion A only, the interaction bond between the two partitions is
represented by
V1 ≡ U†AU†BXABUAUB = e−i
pi
4A
y
1B
y
1 . (5)
In this format the unitary operator’s nonlocal parts, as far as
the partitionA : B, is concerned are laid threadbare. Now, the
powers of the unitary operator can be written as
Un = UnAU
n
BVnVn−1Vn−2 · · ·V1 (6)
where Vn = U
†
AU
†
BVn−1UAUB = U
†
A
n
U†B
n
XABUA
nUB
n.
This can serve as a protocol for generating multipartite non-
local entanglement using only one nonlocal two-qubit gate
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FIG. 2. Quantum circuit implementing the unitary operation, and
the resultant state after n steps. The state has exactly n nonlocal Bell
pairs, apart from local unitaries that act on individual blocks.
XAB , acting always on the same two qubits. Given that
|ψ0〉 = ⊗L|0〉, it helps to find the states during the first few
steps of the iteration. The quantum circuit implementing this
unitary operation in Eq. (4) for n steps on the initial unenetan-
gled state |ψ0〉 is shown in Fig. 2, along with the resultant mul-
tipartite entangled state with n nonlocal (inter-partition) Bell
pairs. It is helpful to also define the state |ψ˜n〉 =
∏n
i=1 Vi|ψ0〉,
which is well defined as the Vi are commuting operators as ex-
hibited below.
We will calculate the von Neumann entropy SM (n) of the
block with M spins as function of the time steps n. The state
after the first step is straightforward to evaluate, only V1 in-
volves interaction between the partitions. The state after one
time step is, |ψ1〉 = U |ψ0〉 ≡ UAUB |ψ˜1〉, has exactly one
ebit of entanglement distributed over all spins. Defining a
Bell state between a pair of spins (located at l and m) as,
|Φlm〉 ≡ (|00〉 − i|11〉)/
√
2, we have,
|ψ˜1〉 = |0..0〉A2..AM |ΦA1,B1〉|0..0〉B2..BM . (7)
In the state |ψ˜1〉, the spins A1 and B1 at the interface between
the blocks are in a Bell state, which has one ebit of entangle-
ment. The state |ψ1〉 has additional local unitary transforma-
tions UA and UB that act on individual blocks, which do not
change the entanglement between the blocks. However, the
two-party entanglement (calculated by the concurrence mea-
sure of entanglement [25]) between spins A1 and B1 is zero.
This implies that the entanglement in the state |ψ1〉 is of mul-
tipartite nature. Thus, we can use this protocol as a reverse-
engineering tool to transform a local Bell pair entanglement
into a nonlocal multipartite entanglement. Further, a local Bell
pair entanglement can also be transferred to another local Bell
pair, by changing the blocking scheme after generating the
state |ψ1〉, so that a different pair of spins is at the interface of
blocks A′ and B′, through |ψ˜′1〉 = U†A′U†B′ |ψ1〉.
Turning to the calculation of |ψ2〉, the state at the second
step, the operator V2 is required. The special value τ = pi/4
renders a remarkably simple and transparent form for this op-
erator (As shown in the Supplementary Material [26]):
V2 = exp
(
−ipi
4
Ay2B
y
2A
z
1B
z
1
)
. (8)
In the state |ψ2〉 = U2AU2BV2V1|ψ0〉 ≡ U2AU2B |ψ˜2〉, while V1
flips the spins labelled A1 and B1, V2 retains these while flip-
3ping A2 and B2, thus we have,
|ψ˜2〉 = |0..0〉A3..AM |ΦA1,B1ΦA2,B2〉|0..0〉B3..BM . (9)
The reduced density matrix ρA has four equal eigenvalues λ =
1/4 and the von Neumann entropy SL
2
(n = 2) = 2 for the
open chain as seen in Fig. 3. In the periodic boundary case
we get von Neumann entropy of 4 ebits, as every time step
increases the entropy by two units. The von Neumann entropy
for general n such that 2 ≤ n ≤ M in the open chain can be
derived by observing that (see details in the Supplementary
Material [26])
Vn = exp
−ipi
4
AynB
y
n
n−1∏
j=1
AzjB
z
j
 , (10)
which may be proved for example by induction. Thus with
every iteration the operator V acquires an additional two-
spins in the interaction. This implies that the state |ψn〉 ≡
UnAU
n
B |ψ˜n〉 is given by,
|ψ˜n〉 = |0..0〉An+1..AM |ΦA1,B1 ..ΦAn,Bn〉|0..0〉Bn+1..BM ,
(11)
and the entanglement entropy for this state is n ebits. Thus
in the open chain case when n = M = L/2, the maximum
entanglement of L/2 ebits is achieved. In the closed chain,
this time is reduced to L/4.
Beyond the time when the maximum entropy is reached,
the expression for Vn is to be modified: In the open chain
case with M = L/2, the operator VM+1 is given by (Details
in the Supplementary Material [26]),
VM+1 = exp
−ipi
4
AxMB
x
M
M−1∏
j=1
AzjB
z
j
 (12)
and subsequently till n = L, the operators with the highest in-
dex get decimated such that at VM+k (1 ≤ k ≤M ) the opera-
tor string involved is AxM−k+1B
x
M−kA
z
M−kB
z
M−k · · ·Az1Bz1 .
It follows that VL = exp(−ipiAx1Bx1 /4) and VL+1 = V1.
Thus the interaction picture operators Vi are periodic, and it is
also easy to check that they all commute with each other.
These can be used along with the observation that
exp(−ipiσx1σx2/4)(|00〉 + i|11〉)/
√
2 = |00〉 to arrive at the
state after M + 1 kicks as |ψM+1〉 = UM+1A UM+1B |ψ˜M+1〉,
|ψ˜n〉 = |0〉AM |ΦA1,B1 · · ·ΦAM−1,BM−1〉|0〉BM (13)
which is block-local unitarily equivalent to |ψM−1〉 and thus
the entanglement is M − 1 ebits which is consistent with the
open boundary case in Fig. 3. Thus further time evolution un-
ravels the entanglement at the rate of 1 ebit per iteration, and
in the periodic boundary case at the rate of 2 ebits per iteration
till there is no entanglement at all. The block entanglement is
a periodic function of n, and can be summarized within a pe-
riod L (L/2) for open (closed) chain, with M = L/2, as
SOpenM (n) = n+ (M − n)Θ(n−M)Θ(2M − n), (14)
SClosedM (n) = 2n+ (M − 2n)Θ(n− M2 )Θ(M − n),(15)
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FIG. 3. Block von Neumann entropy as a function of number of kicks
is shown for periodic and open boundary cases for L = 20. The
entanglement is maximum when n is an odd multiple of L/2 (L/4)
for open (closed) chain. For unequal-size blocks (M = 8, N = 12)
the entanglement remains constant for M ≤ n ≤ N (M/2 ≤ n ≤
N/2) for open (closed) chain.
where Θ(x) is the Heaviside step function. The entangle-
ment reaches its maximum possible value L/2 at n = L/2
in the open chain case, while in the closed this happens at
n = L/4 as the Bell pairs are formed from both the interfaces
of the blocks, increasing the entanglement by 2 ebits every
step. Fig. 3 shows the von Neumann entropy as a function of
n in both cases for L = 20; the numerical calculation agrees
exactly with the above calculation.
Now, let us consider the case of unequal block sizes M (for
block A) and N = L −M , let M < L/2. The entanglement
increases 1 ebit (2 ebits) for open (closed) chain till n = M
(M/2) as in the case of equal size blocks, and it remains con-
stant till n = N (N/2), and then decreases by 1 ebit (2 ebits)
per step for further kicks. The reason for non-decreasing en-
tanglement at step n = M + 1 is due the structure of the
operator VM+1, given by,
VM+1 = exp
−ipi
4
AxMB
y
M+1B
z
M
M−1∏
j=1
AzjB
z
j
 , (16)
which is different from the operator shown in Eq. (12) (oper-
ator when the block sizes are equal). This operator will act on
the state |ψ˜M 〉, with all sites from blockA locked in Bell pairs
with LA number of sites from block B, to give the state at the
next step |ψ˜M+1〉 = U†M+1A U†M+1B |ψM+1〉, we have,
|ψ˜M+1〉 = |ΦA1,B1 ..ΦAM−1,BM−1〉|0..0〉BM+2..BN ×(
|0〉AM |ΦBM ,BM+1〉+ |1〉AM |Φ′BM ,BM+1〉
)
/
√
2, (17)
where we have used another Bell state |Φ′〉 = (|01〉 −
i|10〉)/√2 (See detailed derivation in Supplementary Mate-
rial [26]). There are M −1 Bell pairs between the two blocks,
and the spin AM is entangled with the Bell pair state of the
spins BM and BM+1. It is straightforward to see that the re-
duced density matrix ρA is proportional to the identity matrix,
thus the von Neumann entropy is M at this time step. Simi-
larly, the entropy will stay at this value till n = N = L−M ,
4and after that it decreases by 1 ebit (2 ebits) per step for open
(closed) chain, showing a clipped sawtooth structure as seen
in Fig. 3 for the case of M = 8, L = 20.
The remarkable algebraic properties of the model consid-
ered here lead to the high entanglement content and the cre-
ation of Bell pairs up to block-local operations. However this
must not be construed as the creation of maximum entangle-
ment between qubits, indeed it reflects very well the general
observation that high multipartite entanglement, such as be-
tween the blocks A and B coexist with low entanglement
amongst individual qubits. Let us examine how the two-qubit
entanglement, viz. concurrence, varies with n by focusing on
a pair of qubits Ai and Bi, one each from the two blocks. Af-
ter n > i kicks, but before the unraveling reaches these qubits,
the state |ψ˜n〉 has a Bell pair between the two marked qubits,
but the state |ψn〉 has also the nontrivial action of block-local
unitaries UA and UB . The reduced density matrix for the
marked pair can be written in the form of a particular Krauss
representation,
ρ
AiBi
=
∑
k
pkQ
Ai
k (n)Q
Bi
k (n)ρ
BellQAi†k (n)Q
Bi†
k (n), (18)
where QAik (n) are local operators for the qubit Ai and pk are
probabilities. These local operators generates the action of a
quantum channel which is in general decohering and entan-
glement breaking. We have checked numerically that all pair
concurrences are zero for all time steps for both open and pe-
riodic boundary conditions for sizes up to L = 20. The only
exception is the central pair of qubits L2 and
L
2 + 1 in the open
chain; this pair has a nonzero concurrence (of unity) at exactly
n = L2 . To illustrate the nonzero concurrence for the central
pair of qubits, we calculate the concurrence of the central pair
(23) for the simple case of L = 4 explicitly. Using Eq. (7)
and applying the local unitaries, the state after the first kick is,
|ψ1〉 = 12√2 (−|0000〉+ |0101〉+ |1010〉+ |1111+ i(|0011〉+
|0110〉 − |1001〉 + |1100〉)). The reduced density matrix ρ23
is proportional to the identity, which is naturally a separable
state. The operators Qk (with pk = 1/4) can be chosen as
QA1 = e
−ipiσz2/4, QB1 = e
−ipiσz3/4, QA2 = σ
x
2Q
A
1 , Q
B
2 =
QB1 , Q
A
3 = Q
A
1 , Q
B
3 = σ
x
3Q
B
1 , Q
A
4 = σ
x
2Q
A
1 , Q
B
4 = σ
x
3Q
B
1 .
Apart from a local rotation of the Bell state implemented by
QA1 Q
B
1 , the channel is therefore a two-qubit Pauli channel.
Similarly, the state after the second kick can be written as
|ψ2〉 = 12 (|0000〉 − i|0110〉 − i|1001〉 − |1111〉), and there-
fore ρ23 = 12 (|00〉〈00| − i|11〉〈00| + |11〉〈11| + i|00〉〈11|).
For this reduced density matrix, the calculation of concur-
rence [25] gives the maximum value of 1, as quite simply
the state corresponds to the pure maximally entangled state
(|00〉 − i|11〉)/√2. Similarly, the concurrence is zero when n
is even multiple of 2, and revives for odd multiples of 2. For a
periodic chain, the concurrence remains zero for any number
of kicks.
In conclusion, we have investigated a solvable model that
may be interpreted as iteration of graph states and shows an
entanglement growth of 1 ebit (2 ebits) per iteration for the
open (closed) chain, The entanglement generated in the uni-
tary evolution is multipartite in nature. On reaching the max-
imum possible block entanglement, for a contiguous block of
L/2, it unravels and reaches zero after L iterations. These
states can be used in protocols of quantum computation, con-
sidering their proximity to well investigated graph states. The
state after each iteration reveals a very interesting algebraic
structure through the commuting interaction picture operators
Vi, that may be hidden in approaches using the Jordan-Wigner
fermions. This study reveals a further interesting consequence
of integrability of the tranverse field Ising model, but we em-
phasize that the features presented here are unique to the value
of the parameter τ = pi/4, and hence the impulsive field plays
an important role, and the features are easily revealed while
remaining with spin operators rather than fermions.
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I. CALCULATION OF Vn
From Eq. (4) in the main text, we see V1 = U
†
BU
†
AXABUAUB . We have,
U†AXABUA = Z
†
AX
†
AA
(
1− iAx1Bx1√
2
)
XAAZA. (S1)
As XAA commutes with the central quantity, we have
U†AXABUA =
1√
2
(1 + iAy1B
x
1 ), (S2)
where the identity ei
pi
4 σ
z
σxe−i
pi
4 σ
z
= −σy is used. Note the importance of the pi/4 factor. Similarly the action of UB changes
Bx1 in XAB to −By1 , we get
V1 =
(
1− iAy1By1√
2
)
= exp
(
−ipi
4
Ay1B
y
1
)
. (S3)
The second interaction operator V2 = U
†
BU
†
AV1UAUB can be written as
1√
2
(
1− iA˜y1B˜y1
)
, (S4)
where A˜y1 = Z
†
AX
†
AAA
y
1XAAZA. Now X
†
AAA
y
1XAA = e
ipi4A
x
1A
x
2Ay1e
−ipi4Ax1Ax2 = −Az1Ax2 . which follows from the identity
ei
pi
4 σ
x
1σ
x
2 σy1e
−ipi4 σx1σx2 = −σz1σx2 . (S5)
Therefore finally A˜y1 = A
y
2A
z
1 as
− eipi4 (σz1+σz2 )σz1σx2 e−i
pi
4 (σ
z
1+σ
z
2 ) = σy2σ
z
1 . (S6)
Similarly By1 transforms to B
y
2B
z
1 and
V2 =
1√
2
(1− iAy2Az1By2Bz1) = exp
(
−ipi
4
Ay2B
y
2A
z
1B
z
1
)
. (S7)
For 2 ≤ n ≤ L/2− 1 let
Vn =
1√
2
(1− iAynAzn−1 · · ·Az1BynBzn−1 · · ·Bz1). (S8)
From this we show that U†AVnUA has the form of Vn+1, and hence prove the statement by induction. Observe that
U†AA
y
nA
z
n−1 · · ·Az1UA = (U†AAynUA)(U†AAzn−1UA) · · ·
(U†AA
z
2UA)(U
†
AA
z
1UA) = (−Axn+1AxnAyn−1)(AynAzn−1Ayn−2)
(Ayn−1A
z
n−2A
y
n−3) · · · (Ay4Az3Ay2)(Ay3Az2Ay1)(−Ay2Ax1).
(S9)
The operators in the “interior” are mapped to a string of three operators, while the “edges” contribute two. Using properties of
Pauli matrices, this simplifies to (−1)n−2Ayn+1AznAzn−1 · · ·Az1. A similar relation holds for the B operators, and hence finally
Vn+1 =
1√
2
(1− iAyn+1Azn · · ·Az1Byn+1Bzn · · ·Bz1), as required.
2The operator VL
2 +1
for open chain case can also be calculated as above. Observe however that there are now two “edges” the
one withAz1 and one withA
y
L/2. One encounters U
†
AA
y
L/2A
z
L/2−1 · · ·Az1UA which simplifies to (−1)L/2−2AxL/2AzL/2−1 · · ·Az1,
with a similar expression for the B string. Thus at this turning point the lone y operators turn x, and VL/2+1 is as given in
Eq. (12). Further iteration requires U†AA
x
L/2UA = −AyL/2 which along with U†AAzL/2−1UA = AyL/2AzL/2−1AyL/2−2 results in
the decimation of operators at position L/2 with the consequence that
VL
2 +2
= exp
−ipi
4
AxL/2−1B
x
L/2−1
L/2−2∏
j=1
AzjB
z
j
 . (S10)
Further decimations lead to VL = e−i
pi
4A
x
1B
x
1 and finally VL+1 = V1 = e−i
pi
4A
y
1B
y
1 .
II. UNEQUAL SIZED BLOCKS
Let us generalise the formalism in the manuscript by considering unequal size blocks. We divide the chain into two blocks
A and B with M and N = L −M number of spins, respectively, where M < L/2. Following the discussion in the preceding
section for equal sized blocks, the spins in block A (1, 2, · · ·M) are relabelled as M,M − 1, · · · 1 and spins in block B (M +
1,M + 2, · · ·M +N) are labelled as 1, 2, · · ·N .
~Aj ≡ ~σM+1−j and ~Bj ≡ ~σM+j . (S11)
where the counting of spins is such that j = 1, 2, · · · ,M in A side and j = 1, 2, · · · , N in B side (N > M ). The equal block
size can be retraced by N = M = L/2. The time evolution of the initial state |ψ0〉 = ⊗L|0〉 can be calculated by applying
powers of the unitary operator given by Eq. (6) in the main text. Till n = M , the time evolved state can be easily calculated by
Eq. (12) of the main text and the block entanglement is given by SopenM (n) = n for open chain case.
Afterwards for n = M + 1, the state |ψ˜M+1〉 is calculated by applying operator VM+1 =
exp(−ipi4AxMByM+1BzM
∏M−1
j=1 A
z
jB
z
j ) on |ψ˜M 〉 as
|ψ˜M+1〉 = 1√
2M+1
M∑
{ai}
η({ai})|aM · · · a1〉A|a1 · · · aM00〉B |0 · · · 0〉BM+2..BN
+ (1− 2aM )|a¯MaM−1 · · · a1〉A|a1 · · · aM10〉B |0 · · · 0〉BM+2..BN ,
where the operations AxM |aM 〉 = |a¯M 〉 and ByM+1|0〉 = i|1〉 are performed. Since we are calculating states after (M + 1)th and
(M + 2)th kicks, therefore, the last two qbits in the block B M + 1 and M + 2 are retained and rest of the qbits are put together
as |0 · · · 0〉BM+2..BN . Expanding the M th bit in the summation of above equation leads to
|ψ˜M+1〉 = 1√
2M+1
M−1∑
{ai}
η({ai})
(|0aM−1 · · · a1〉A|a1 · · · 000〉B + i|1aM−1 · · · a1〉A|a1 · · · 100〉B
+ |1aM−1 · · · a1〉A|a1 · · · 010〉B − i|0aM−1 · · · a1〉A|a1 · · · 110〉B
)|0 · · · 0〉BM+2..BN ,
which can be rearranged in a nicer form as
|ψ˜M+1〉 = |ΦA1,B1 · · ·ΦAM−1,BM−1〉|0 · · · 0〉BM+2..BN
(
|0〉AM |ΦBM ,BM+1〉+ |1〉AM |Φ′BM ,BM+1〉
)
/
√
2, (S12)
where |Φl,m〉 = (|00〉 − i|11〉)/
√
2 and |Φ′l,m〉 = (|01〉 − i|10〉)/
√
2 are Bell states between a pair of spins located at l and m.
The reduced density matrix ρA (or ρB) has 2M equal eigenvalues 1/2M and the block entanglement is S
open
M (M + 1) = M .
This shows that (M + 1)th kick does not generate any new ebit between blocks A and B and the entanglement is already
exhausted to a saturation value M . In order to confirm the saturation of entanglement let us calculate one more iteration for
(M + 2)th kick. The (M + 2)th power of unitary operator requires VM+2 = U
†
BU
†
AVM+1UAUB . The calculation of VM+2
requires the same method as discussed in Section I and more specifically needs following operator relations U†AA
x
MUA = −AyM ,
U†AA
z
M−1UA = A
y
MA
z
M−1A
y
M−2 and U
†
B(B
y
M+1B
z
M · · ·Bz1)UB = ByM+2BzM+1BzM · · ·Bz1 . Using the properties of Pauli
matrices, we can write the expression for VM+2 as
VM+2 = exp(−ipi
4
AxM−1B
y
M+2B
z
M+1B
z
MB
z
M−1
M−2∏
j=1
AzjB
z
j ). (S13)
3Using the relation |ψ˜M+2〉 = VM+2VM+1|ψ˜M 〉 we calculate the state after (M + 2)th kick.
|ψ˜M+2〉 = 1√
2M
M∑
{ai}
η({ai})|aMaM−1 · · · a1〉A|a1 · · · aM00〉+ |a¯M a¯M−1aM−2 · · · a1〉A|a1 · · · aM11〉B
+ |aM a¯M−1aM−2 · · · a1〉A|a1 · · · aM−2aM−1aM01〉B + (1− 2aM−1)|a¯MaM−1aM−2 · · · a1〉A|a1 · · · aM10〉B .
By expanding the mth and (m− 1)th bits in the summation, we can express the state as
|ψ˜M+2〉 = 1√
2M
M∑
{ai}
η({ai})|aM−2 · · · a1〉A|a1 · · · aM−2〉B |χ(aM−1, aM )〉, (S14)
or in a more compact manner as
|ψ˜M+2〉 = |ΦA1,B1 · · ·ΦAM−2,BM−2〉|χ(aM−1, aM )〉|0 · · · 0〉BM+2..BN , (S15)
where state |χ(aM−1, aM )〉 is a composite state of (M −1)th and M th qubits of block A as well as (M −1)th, M th, (M +1)th
and (M + 2)th qubits of block B and can be easily calculated by expanding Eq. (S14). The explicit form of these states are
given as |χ(0, 0)〉 = 12 |0000〉 + |1001〉 + |0110〉 + |1111〉, |χ(0, 1)〉 = 12 |0001〉 + |1000〉 + |0111〉 − |1110〉, |χ(1, 0)〉 =
1
2 |0010〉+ |1011〉+ |0100〉 − |1101〉 and |χ(1, 1)〉 = 12 |0011〉 − |1010〉+ |0101〉+ |1100〉. Again, the reduced density matrix
has 2M equal eigenvalues 1/2M and block entanglement SopenM (M + 2) = M . For further kicks the entanglement does not
change from the value at kick n = M and remains constant till n = N . Afterwards the entropy starts decreasing in a unit step
and reaches to zero after L kicks.
